Introduction
Pulsars are among the most mysterious objects in the universe that provide natural laboratory for investigating the nature of matter under extreme conditions, and are universally recognized as normal neutron stars (NSs), but sometimes have been argued to be quark stars 1,2,3 . The equation of state (EoS) of matter under exotic conditions is an important tool for the understanding of the nuclear force and for astrophysical applications. The Fermi energy of relativistic electrons E F (e) is one of most important and indispensable physical parameters in the EoS, and varies with matter density ρ. The electron Fermi energy influences directly weak-interaction processes including modified URCA reactions 4 , electron capture 5, 6, 7, 8, 9 and so on, in the circumstance of a NS. These influences will change intrinsic EoS, interior structure and heat evolution, and even affect the whole properties of the star.
Another important physical parameter affecting internal properties of a NS is the electron fraction, which is defined as Y e = n e /n B (n e and n B are the electron number density, baryon number density, respectively, and varies with the highdensity star matter. The value of average electron fraction is about 0.05 for a common NS 4,10 . However, to exactly calculate the values of Y e for the neutron star matter has long been a very challenging task for both the nuclear physics and the astrophysics community 11 due to some uncertainties and artificial assumptions in studying structures and properties of NSs. Currently, our knowledge of the electron fraction mainly comes from the model-dependence EoSs of NSs. For the β-equilibrated NS matter we have free neutron decay n → p + e − + ν e , which are governed by weak interaction and the electron capture process p+ e − → n+ ν e . Both types of reactions alter Y e , and thus affect the EoS. However, in the currently popular and reliable EoSs of NSs, neutrinos generated in these reactions are always assumed to leave the system. The absence of neutrino surely has some influence on the EoS and mainly induces a significant change on the value of Y e .
As we know, for degenerate and relativistic electrons in β−equilibrium, the distribution function f (E e ) obeys Fermi-Dirac statistics: f (E e ) = 1/(Exp((E e − µ e )/kT ) + 1), k represents Boltzmann's constant, and µ e is the electron chemical potential. If T → 0, µ e is also called the electron Fermi energy, E F (e), which presents the energy of highest occupied states for electrons. The electron Fermi energy E F (e) has the simple form E F (e) = p 
with p F (e) being the electron Fermi momentum. The isoenergetic surface of E = E F (e) is called the electron Fermi surface 12,13,14 .
In the context of general relativity principle, the matter density is defined as: ρ = ε/c 2 , ε is the total energy density, including the rest-mass energies of particles. Using the basic thermodynamics, we obtain the relation of the total matter pressure P and matter density ρ in a common NS,
dn B , ρ(n B ) = ε(n B )/c 2 , ⇒ P = P (ρ) .
From the above equation, it is obvious that P solely depends on ρ. Theoretically, we can obtain the value of E F (e) by solving EOS in a specific matter model. In this paper, we mainly focus on E F (e) and Y e for degenerate and relativistic electrons inside a common NS, where the magnetic effects on the EoS are ignored. This paper is arranged as follows. In Sec. 2, we briefly review the structure of a NS. In Sec. 3, we deduce a special solution to E F (e). We apply the special solution obtained to numerically simulate E F (e) and Y e of a NS within classical models in Sec. 4 , and within the work of Dutra et al. 2014 15 in Sec. 5 . In Sec. 6 we present comparisons and discussions. The conclusion is presented in Sec.7.
Reviewing A NS' Structure
The structure of a NS includes an atmosphere and four main internal regions: the outer crust, inner crust, outer core, and inner core. The atmosphere is a thin layer of plasma which determines the spectrum of thermal electromagnetic radiation of the star. The geometrical depth of the atmosphere varies from some ten centimeters in a hot star down to some millimeters in a cold one.
The knowledge of structures and properties of the crust plays an important role in understanding many astrophysical observations 16, 17, 18, 19 . The outer crust consists of nuclei in a Coulomb lattice and electron gas, and has a depth of a few hundred meters. At ρ ≤ 10 4 g cm −3 , the electron gas may be non-degenerate, and the ionization may be incomplete; at ρ < 10 7 g cm −3 , the ground state may be 56 26 F e; at ρ ∼ 10 9 g cm −3 , the nuclei capture electrons and become neutron-rich, and at the neutron drip density ρ d , the neutrons start to drip from the nuclei and form a free neutron gas. The neutron drip density ρ d is well determined 20,21 to be about 4.3 × 10 11 g cm −3 . The inner crust of a NS spans the region from the neutron drip point to the inner edge separating the solid crust from the liquid core, and has several kilometers deep.
The matter of the inner crust in nuclear equilibrium consists of neutron-rich nuclei in a Coulomb lattice, electrons, and free neutrons. As matter density increases, free neutrons supply an increasingly large fraction of the total matter pressure P . At the crust-core transition density, ρ t , the baryon number density reaches a critical value, and nuclei dissolve and merge together.
The outer core consists of neutrons, protons and electrons (hereinafter "npe system"), spans a density range of about 0.5ρ 0 ∼ 2.5ρ 0 , and has a depth of several kilometers, ρ 0 = 2.8×10
14 g cm −3 is the standard nuclear density. At the inner edge of the outer core small fraction of muons (µ) may appear 4 , because the electron Fermi energy could exceed the muon rest-mass energy m µ c 2 = 105.7 MeV. However, a definite boundary between the outer core and inner core has not yet been obtained due to the uncertainty of crust-core transition density.
The inner core is about several kilometers in radius, and has a central density as high as ∼ 10 15 g cm −3 . With still further increase of density, the inner core becomes energetically more economic if some nucleons transform to exotic particles such as hyperons, pion condensates, kaon condensates and quarks, etc., when ρ > ρ tr , here ρ tr is the transition density to these exotic particles, which is ∼ 4ρ 0 22 . The maximum of the inner core density could exceed this transition density, so hyperons, pion condensates, kaon condensates, quarks and nucleons with large Y e are expected to exist in the inner core of a NS.
Electron Fermi Energy And Its Special Solution
3.1. General relation of E F (e), Y e and ρ
In the interior of a common NS with B ∼ 10 10 − 10 12 G, the isoenergetic surface of degenerate and relativistic electrons is a spherical surface, and the microscopic state number of electrons in a unit volume, N pha , is calculated by
2 dp = 8π
where h is Plank's constant. For the convenience of calculations, we introduce a dimensionless momentum of electrons, x e = p F (e)/m e c. According to Paulis exclusion principle, the electron number density is equal to its microscopic state density,
where λ e = h/m e c = 2.4263 × 10 −10 cm is the electron Compton wavelength. The average mass of a baryon m B is defined as
with A i the baryon number of species i. In the interior of a NS, the relation of m B ≡ m u ≡ 1.6606 × 10 −24 g always holds, m u is the mass of an atom. Thus, the matter density can be expressed as:
Combining Eq. (5) with Eq.(6), we get
Inserting the values of λ e and m u into Eq. (7) gives
Since the average molecule weight of electrons µ e = mB muYe =
1
Ye , we get
Combining Eq. (1) with Eqs. (8) and (9), we get the electron Fermi energy
The expression above is a general formula for the electron Fermi energy, which is approximately suitable for relativistic electron matter regions (ρ ≥ 8.6 × 10 6 g cm −3 ) in the whole interior of a common NS. If x e = p e /m e c ≫ 1, Eq.(10) can be approximately reduced as E F (e) ≈ 5.16 × 10 −3 (ρY e ) 1 3 MeV.
Special solution to E F (e)
In this part, in order to obtain a special solution to E F (e), we consider an ideal n − p − e system under β-equilibrium in the outer core, where electrons are relativistic, neutrons and protons are non-relativistic. According to Shapiro & eukolsky (1983) 10 (hereinafter "ST-83"), when ρ ≫ 10 13 g cm −3 , the neutron pressure dominates in the interior of a NS, and ρ ≈ m n n n , then the neutron number density n n = 1.7 × 10 38 (ρ/ρ 0 ) cm −3 , the charge neutrality requires the proton number density n p = n e = 9.6 × 10
MeV/c), thus the electron Fermi energy
where p F (p) is the proton Fermi momentum. A simple proof of Eq. (11) is presented as follows: From the relations of n p , n e and n n above, we get
where Y p is the proton fraction. Combining Eq.(12) with Eq.(10), we get
The above proof indicates that Eq. (10) is an accurate expression. Inserting Eq. (12) into Eq.(11) yields
The equation above is a special solution to E F (e), which is suitable relativistic electron matter region of a common NS.
Test the validity of the special solution
To test the validity of the special solution to E F (e), we will calculate the values of E F (e) in the work of Baym, Bethe & Pethick (1971) 23 (hereinafter "BBP model") by using Eq. (14), and will compare our results with those of BBP model. By introducing a compressible liquid drop model of nuclei, BBP model is more successful than other models in describing matter in the inner crust, where the system becomes a mixture of nuclei, free neutrons, and electrons. According to BBP model 23 , the total energy density ε and the total matter pressure P of the system are described by
where n n is the number density of neutrons outside of nuclei (hereinafter "neutron gas"), and the new feature is the dependence on the volume of a nucleus V N , which decreases with the outside pressure of the neutron gas; P n , P e and P L are the neutron gas pressure, electron pressure, and lattice pressure, respectively. The baryon number density in this model is
where V N n N and 1 − V N n N are the fraction of volume occupied by nuclei, and the fraction occupied by neutron gas, respectively. Then E F (e) is determined by
The values of E F (e) in BBP model are partly listed in Table 1 . The sign ' †' denotes that ρ m is the maximum equilibrium density at which the nuclide is present. The data of columns 1, 2, 3, 4 and 7 are cited from Be noted that, as a representative model, BBP model is arbitrarily selected to test the validity of the specific solution to E F (e). In this part, other matter models will no longer be enumerated, due to the restriction of space.
Numerically Simulating E F (e) and Y e in A NS (I)
In this Section, we will numerically fit the relation of Y e and ρ in the whole interior of a NS, according to several reliable EoSs within simple but classical matter models. Combining the analytic expressions of Y e and ρ with the special solution to E F (e), we will obtain schematic diagrams of E F (e) vs. ρ in different density regions for relativistic electrons.
Numerically fitting in the outer crust
By introducing the lattice energy, Baym, Pethick & Sutherland (1971) 20 (hereafter "BPS model") improved on Salpeter's treatment 25 , and described the nuclear composition and EoS for catalyzed matter in complete thermodynamic equilibrium below ρ d . BPS model is one of most successful models describing matter of the outer crust. According to BPS model, the total energy density ε and the total matter pressure P are described by
where ε N is the energy density of nucleus, ε e the energy density of free electrons, and ε L the bcc Coulomb lattice energy in a unit volume. The value of E F (e) is obtained by solving the following differential equation,
For the specific equilibrium nuclei (A, Z) in BPS model, the values of quantities Y e , ρ m , and E F (e) are tabulated in Table 2 . (20) with the special solution, we plot the diagram of E F (e) and ρ, and compare our results with those in BPS model. From Fig. 1(b) , it's obvious that E F (e) increases with ρ in BPS model. Theoretically, employing Eq. (20), we can obtain an approximate value of E F (e), given a matter density of the outer crust.
Numerically fitting in the inner crust
The uncertainty of crust-core transition density mainly comes from limited knowledge of EoS, especially the density-dependence symmetry energy of neutron-rich nuclear matter 26, 27 Here we select ρ d = 4.3 × 10 11 g cm −3 , corresponding to Y e ≈ 0.3051 and E F (e) ≈ 26.2 MeV, in BPS model, and select ρ t = 1.32 × 10 14 g cm −3 in NV model. Since the nuclei have dissolved by merging together at the base of the inner crust, the matter begins to turn into an ideal npe system. From ST-83, we obtain Y e ≈ 0.0026 and E F (e) ≈ 36.3 MeV at ρ = ρ t .
Although the EoS above ρ d is reasonably well understood by BBP model, this model in a higher density region ρ ≥ 1.72 × 10 14 g cm −3 was criticized by some authors 24,10,13 , due to a monotonic and arbitrary increase of Z with A, which causes the relation of P and ρ to be changed not much. Thus, we stop listing related calculations in the higher density region. For convenience, the inner crust can be roughly divided into two regions: a lower density region, and a higher density region. The matter in the lower density region is still described by BBP model, whereas matter in the higher density region is described by an ideal mixed model(hereinafter "IM model"). With respect to IM model, our main hypotheses are as follows:
(1) Though matter in IM model is also a mixture of nuclei, free neutrons and free electron gas, the details of nucleon-nucleon interactions may be ignored, due to the uncertainty of nuclei compositions in IM model. (2) The matter in IM model distributes in a range of ∼ 10 12 ∼ 1.32 × 10 14 g cm −3 , E F (e) grows with ρ smoothly, but the growth is not two much. Table 1 , we plot a diagram of Y e and ρ in the lower density region of the inner crust, as shown in Fig. 2 . By numerically fitting, we obtain an analytical expression of Y e and ρ,
in the range of 4.3×10 11 ∼ 6.25 × 10 12 g cm −3 . Due to lack of a detailed information on IM model introduced by this work, we cannot give an exact formula of Y e and ρ for the higher density region. However, we mainly focus on the special solution to E F (e) and its potential applications. We assume that E F (e) grows with ρ exponentially, and the expression of E F (e) and ρ has a simple exponential form,
in the higher density region. Employing the boundary conditions:
, Y e ≈ 0.0026, E F (e) ≈ 36.3 MeV, we obtain the values of two constants, A = 32.4 and B = 2.882 × 10 −6 . Combining the special solution of Eq. (14) with Eq. (22), we obtain an analytical formula,
in the higher density region. The relations of Y e and ρ, and E F (e) and ρ in the inner crust are shown in Fig.3 . In addition, we calculate the values of E F (e) and Y e in IM model , as listed in column 4 and column 5 of Table 3 , respectively. The data of columns 1, 2, 3, 6, 7 and 8 are cited from Table 1 in this paper. The data of columns 4, 5, 9 and 10 are obtained from IM model using Eq. (14) and Eq. (24) . From Table 3 , IM model may be superior to BBP model in the higher density region.
Numerically fitting in the outer core
The numerical simulations in the outer core are usually subject to two distinct uncertainties:(1) determining the nuclear potential for nucleon-nucleon interaction, and (2) finding an appropriate technique for solving the many-body problem. The
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As mentioned in Section 3.2, the matter in the outer core contains relativistic electrons, non-relativistic neutrons, and non-relativistic protons. Here, for the sake of simplicity, we consider a homogenous ideal npe system under β-equilibrium, and adopt ST-83 approximation 10 ) as the main method to treat EoS of this system. The relation of Y e and ρ is described by
in the density range of 0.5ρ 0 ∼ 2.5ρ 0 (c.f. Sec. 2.2), Combining the above equation with the special solution, we plot schematic diagrams of Y e vs. Log 10 ρ and E F (e) vs. Log 10 ρ in the outer core of a NS, as shown in Fig. 4 .
Numerically simulating in the inner core
Although the maximum inner-core-density could exceed the transition density ρ tr 22 , for the sake of simplicity, we focus on a non-relativistic domain of ∼ 2.5ρ 0 ∼ trons and muons under β-equilibrium. Here our first aim is to deduce an analytical expression of Y e and ρ in the inner core. A detailed deduction is summarized as follows: When E F (e) is high enough, it is energetically favorable for electrons to turn into muons, so that muons and electrons are in equilibrium: µ − ↔ e − , here we have as usual assumed that the neutrinos leave the system. Once we know this equilibrium, thermodynamics does not require us to know any detail of the process of µ − ↔ e − . Chemical potential equilibrium and charge neutrality give
where
is the dimensionless Fermi momenta. From Eq.(24), the electron fraction can be expressed as a function of x e ,
where we used m p /m n ≈ 1 and µ µ = µ e . Inserting m e = 0.511 MeV, m p = 938.28 MeV, m n = 939.57 MeV, and m µ = 105.7 MeV, into Eqs. (25), we obtain a schematic diagram of Y e and x e in the inner core of a NS. From Fig. 5 , it's obvious that Y e increases with x e in the inner core of a NS. The threshold density for muons to appear, ρ µ , is also an important issue. When at ρ µ , n µ = 0 that is x µ = 0. Since the electrons are highly relativistic, we can take x e ≫ 1, Eq. (24) 
Inserting the values of m e , m p , m n , and m µ into Eq.(26), we get x e = 206.8,x p = 0.1126, and x n = 0.4986, corresponding to ρ µ = 8. 
in the inner core of a NS. Combining Eq. (27) with the special solution, we plot the diagram of E F (e) and ρ, as shown in Fig. 6 for the inner core matter, because at higher densities (more than 10 15 g cm −3 ), the composition is expected to include an appreciable number of hyperons, and the nucleon interactions must be treated relativistically. In a real scenario, matter in the inner core could be more complicated than that of ideal npeµ system.
Summary
As to the main purpose and innovations for the simulations above, a brief summary is presented as follows: (1) Firstly, in the previous studies, there are too many matter models, some of which are rather successful and thus representative. By solving the EoSs of these models (including the above models), we can obtain the relations of E F (e) vs. ρ and Y e vs. ρ. However, there still exist limitations for each EoS to some extent. For example, any EoS has a certain application range of matter density, the resulting values of E F (e) and Y e will deviate from those in the actual scenario if the EoS is beyond of its application range of density. (2) Secondly, up to now, we have not obtained a uniform EoS of one certain matter model, which is excellent in describing the relations of E F (e), Y e and ρ in the whole interior of a NS. By numerically simulating, we have obtained a set of analytical expressions for E F (e), Y e and ρ from EoSs. However, this is not our main purpose. Our ultimate aim is to investigate the whole variation trends in Y e vs. ρ and E F (e) vs. ρ in the whole relativistic electron matter region of a NS using these analytical expressions obtained. regions (the outer crust, inner crust, outer core, and inner core), we obtain the values of E F (e) and Y e , which are smooth and continuous functions of matter density, as well shown in Fig.7 . (4) At last, we can see that the electron fraction Y e firstly decreases in the crust, then increases in the core (from Fig.7(a) ). The decrease in Y e is caused by increasing neutronization of nuclei, as the depths of the crust increases, whereas the increase in Y e is due to the fact that, the proton fraction Y p always increases with the core matter density required by the chemical potential equilibrium under β− equilibrium, and the charge neutrality gives n p = n e + n µ . Be note that n µ is far less than n e given a matter density. From Fig.7(b) , the electron Fermi energy always increases with matter density, the reason for the increase in E F (e) is that E F (e) solely depends on n e , which always increases with ρ (for details see in Sec.6.)
It should be admitted that our method of fitting Y e and E F (e) is somewhat simple, but is practically convenient. Especially, it is convenient to calculate the value of E F (e) given a matter density inside a NS.
Numerically Simulating E F (e) and Y e in A NS (II)
As mentioned in Sec.4, numerically fitting E F (e) and Y e in the core of a NS are subject to many uncertainties, including the possibility of neutron and proton superfluid, of pion condensation, of phase transitions to quark matter 2,3 , and the consequences of the ∆ resonances 32,33 . To date, many of relativistic models 34, 35, 36, 37, 38 have drawn attentions in investigating EoSs because they are particularly suited for describing NSs according to the special relativity. The most common among them is the relativistic-mean-field (RMF) theory, which has become a standard method to study nuclear matter and finite-nuclei properties.
As an up-to-date representative theoretical work in RMF theory is Dutra et al. (2014) 15 , in which 263 RMF models are examined three different sets of constraints related to pure neutron matter, symmetric nuclear matter, symmetry energy, and its derivatives are used. The authors gave a detailed discussion of these models when investigating properties like realistic values of the asymmetry energy and its slope, compressibility and the question that whether the EoS can actually reproduce 2-solar mass stars, as have been observed in PSR J1615-2230 39 , within the whole NS interior, and added extensive supernova EOS online tables (like on http://compose.obspm.fr).
According to RMF theory, baryonic interactions include three cases: (1) exchanging three mesons of σ, ω and ρ; (2) exchanging four mesons of σ, ω, ρ and σ; (3) exchanging five mesons of σ, ω, ρ, σ * , φ. In order to provide a new insight into application of RMF models to the nuclear matter properties, Dutra et al. (2014) considered the four-meson-exchange baryonic interactions, and divided the RMF models into seven types regarding their lagrangian density structures: Typ1-1: linear finite range models in which 
where the baryon species are marked as B,and the sum on l is over electrons and muons (e − and µ − ). In the RMF models, the meson fields are treated as classical fields, and the field operators are replaced by their expectation values. The meson field equations in uniform matter have the following form:
where σ = σ , ω = ω 0 , and ρ = ρ 30 , are the nonvanishing expectation values of meson fields in NS matter, m * B = m B + g σB σ is the effective mass of the baryon species B, and k B F is the Fermi momentum. At zero temperature the lepton chemical potentials are expressed by
The charge neutrality condition is given by
where B q B = n B , and q B is the baryon electric charge. We can solve the coupled equations self-consistently at a given baryon density. Then we get the total energy density ε and pressure
In the work of Dutra et al. (2014), the authors listed more than 130 RMF models for Type-2. These models have been widely used because of several important aspects not always present in non-relativistic models (e.g., intrinsic Lorentz covariance, appropriate saturation mechanism for nuclear matter and etc). Unfortunately, the authors didn't present any information on the electron Fermi energy and electron fraction within these models, due to the restriction of space.
In order to obtain better agreement for the behavior of EOS at high matter densities with that predicted by the relativistic Brueckner-Hartree-Fock theory, the parameter set TMA was developed, based on two other widely used parameter sets, TM1 and TM2 40 . The parameter set TMA has been one of the most successful modern parameter sets. In this work, we select the parameter set TMA 41,42 for the mean-field Lagrangian density, and list the parameter values in Table 4 . In addition, the properties of ground-state nuclear matter include: the saturation density ρ 0 =0.147 (fm) equation
gives the one-to-one relation of star mass m and radius r. Since the baron number density at the stellar center is determined by n B (c) = Fig.10 , and obtain a set of analytical expressions of (14), we plot the diagram of E F (e) vs. Log 10 ρ (see the solid-line of Fig.10(b) ), and compare our results with those in Dutra et al.(2014)(Type-2)(see the dotted-line of Fig.10(b) ). As shown in Fig.10(b) , the fitted values of electron Fermi energies are well in agreement with their calculated values, which indicates that the pairs of E F (e) and Y e in Tables 5-8 in Appendix B are suited for the special solution of Eq. (14) . In other words, the special solution of Eq. (14) is equally applicable to RMF models.
We have found that both Y e and E F (e) increase with matter density in Dutra et al. (2014)(Type-2). Here, the maximum of central density is arbitrarily selected to be ρ =1.4 fm −3 , corresponding to Y e = 0.15570 and E F (e) = 367.40 MeV. Like in classical models, the increase in E F (e) in RMF theory is also caused by an increase in electron number density in the core of a NS. Due to the restriction of space, the other six types in Dutra et al (2014) will no longer be considered. The numerical simulations above indicate that the relation of Y e and ρ is model dependent. In order to see the differences between relations of Y e and ρ in several simple classical models (in this work) with those in RMF theory, we produce the diagrams of Y e vs. Log 10 ρ in the interior of a NS, as shown in Fig.11 . In Fig.11 In order to make a further comparison, in Fig. 11 we add one blue dot-line fitted from Shen 2002 36 . In Shen (2002) , the author constructed the EoS in a wide NS density range using RMF theory. At low densities, the Thomas-Fermi approximation was used to describe the nonuniform matter composed of a lattice of heavy nuclei; while at high densities, the T M 1 parameter set was adopted. Thus, Y e in Shen (2002) firstly increases with ρ, then decreases with ρ. However, since the inclusion of hyperons softens the EoS considerably at high densities, the maximum of the stellar mass in Shen (2002) is about 1.6 M Sun ,(due to the depression of hyperons on Fermions), which deviates from the observational NS mass limit of ∼ 1.97 M Sun for PSR J1615-2230 39 .
From the comparisons above, the differences of relations of Y e and ρ between different models are obvious. Despite these differences, we believe the simulations and comparisons presented in this work will be useful in studying E F (e) and Y e of a NS in the future.
Relation of E F (e) and n e
Though both E F (e) and Y e are definite functions of ρ. the value of E F (e) is ultimately determined by only parameter n e ,
where = h/2π is the reduced Planks constant. Be note that this equation does not depend on one certain matter model, i.e., Eq. (38) is also a general expression. Based on Eq.(38), we plot a schematic diagram of E F (e) vs. n e for relativistic electrons in the whole interior of a common NS. From Fig. 12 , it is easy to see that, the larger the electron number density, the bigger the electron Fermi energy become. In Fig.12 , the dotted line is fitted from data of Tables 5-7 Other Fermi parameters for electrons are also solely determined by n e . For ex-ample, the electron Fermi velocity, v F (e) = k F /m e = (3π 2 n e ) 1/3 /m e , the electron Fermi momentum, p F (e) = k F = (3π 2 n e ) 1/3 , and the Fermi kinetic energy of relativistic electrons, E
, where k F = (3π 2 n e ) 1/3 is the electron Fermi wave-vector. However, the relations of n e and ρ in different density regions of a NS are usually unknown, and the known relations of n e and ρ depend on EoS in some specific matter models. Our study on E F (e) may provide some conveniences in investigating EoS of a NS.
Relations of E F (e), Y e and B
In our previous studies, by introducing the Dirac δ-function in superhigh magnetic fields (B * = B/B cr ≫ 1, B cr = 4.414×10 13 G is the electron critical field), we investigated the effects of strong magnetic fields on EoS and braking of magnetars 44,45 .
Since superhigh magnetic fields can cause an increase in Y e by modifying the electron phase space, the electron number density will increase with magnetic field strength B. From Table 1 energy of electrons will increase with B. Very recently 46 , by introducing Landau level stability coefficient, we obtain the relations of E F (e), Y e , ρ (or n e ) and B, (n e ) 1/3 MeV,
where n ′ e is the number density of electrons in superhigh magnetic fields. Numeri-cally fitting the relations between E F (e), Y e and ρ in superhigh magnetic fields will be considered in our future work.
Conclusions
In this paper we deduced a special solution to Fermi energy of relativistic electrons in a common NS. By numerically simulating, we obtained several analytical formulae for Y e vs. ρ within classical matter models and Dutra et al.(2014)(Type-2). As a representative model, BBP model is selected to test the validity of the specific solution to E F (e). By comparing, our method of calculating E F (e) is more simple and convenient than that in BBP model, as well as those in other matter models.
Using the special solution to E F (e), we can quickly and accurately calculate the value of Fermi energy for relativistic electrons in any given matter density. The special solution can be universally suitable for relativistic electrons regions in the circumstances of common NSs.
By numerically simulating, the special solution to E F (e) has been proved to be not only suitable for simple classical matter models, but also for and RMF theory models), though Dutra et al.(2014)(Type-2) was only selected as a presented theory work. Also, the special solution to E F (e), as well as Eq.(38), could be very useful in indirectly testing whether one EoS of a NS is correct, because Eq.(38) is the source of the special solution of Eq. (14) .
As an important parameter in EoS of a NS, the electron Fermi energy is surely of very interest. The special solution to E F (e) introduced by this work will be very useful in the future study on EoS of NSmatter under extreme conditions, though our methods of treating EoS when numerically fitting are indeed simple. energy per nucleon E is given by
where N is the neutron number, Z is the proton number, and A = N + Z is the nucleon number. The first term, the second term, the third term and the fourth term on the right-hand side of Eq.(A1) denote the volume energy, Coulomb energy, symmetry energy and surface energy, respectively; the energy constants c 1 =16 MeV, c 2 =0.72 MeV, c 3 =24 MeV, and c 4 =18 MeV. The above equation fits the experimental data very well for A ∼ 4 to 260 after correcting for shell effects and for Wigner term 47 . After ignoring the small neutron-proton mass difference, the electron chemical potential µ e (i.e., the electron Fermi energy) becomes
From Eq. (15) Based on Eq.(A4) and Table 2 in Section 4.1, we plot a schematic diagram of Y e vs. A for relativistic electrons in BBS model and BPS model, as shown in Fig.9(a) . Combining Eq.(A4) with Table 1 in BBS model 47 , we plot a schematic diagram of E F (e) and ρ in BBS model, as shown in Fig.9(b) . In this figure we add the fitting curve of E F (e) vs. Log 10 (ρ) from BPS model 20 . From Fig. 9 , in BBS model the electron fraction Y e is solely determined by nucleon number A, i.e., Y e monotonously decreases with A; whereas in BPS model Y e is determined by equilibrium nuclei and composition from EoS. The difference of E F (e) between these two models increases with matter density. Since the semiempirical mass formula will not fit the experimental data when ρ > ρ d , we stop comparing these two models at the higher densities above 4.3 × 10 13 g cm −3 . In addition, in BBS model the neutron drip density ρ d = 2.8 × 10
11 g cm −3 , and the nuclei will disappear suddenly when ρ = 4.34×10
13 g cm −3 . Due to the introduction of lattice energy, BPS model is superior to all the semi-empirical mass-formula models including BBS model.
Considering the limit of the semi-empirical mass formula, Buchler & Barkat (1971) 48 (hereinafter BB model) and Barkat, Buchler & Wheeler (1972) 49 (hereinafter BBW model) calculated the nuclear composition and EOS, and gave the relation of Z and A and the expression of the surface energy by using ThomasFermi method. However, both of these models cannot give definite values of A and A for stable nuclei, and the differences of surface-energy form between BB, BBW and BBP models are very large. Employing Hartree-Fock and Thomas-Fermi methods, Revenhall, Bennett & Pethick (1972) 50 (hereinafter RBP model) modified the surface energy, calculated EoS, and gave the relation of Z and ρ. However, the expression of Z and ρ in RBW model is similar to that of BB model, but is different from that of BBP model. 
